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Abstract. We study the existence of periodic solutions for a prescribed-
energy problem of Hamiltonian systems whose potential function has a sin-
gularity at the origin like  1=jqj(q 2 RN ). It is known that there exist
generalized periodic solutions which may have collisions, and the number of
possible collisions has been estimated. In this paper we obtain a new estima-
tion of the number of collisions. Especially we show that the obtained solutions
have no collision if N  2 and  > 1.
1. Introduction and Main Theorem. We consider an autonomous Hamilton-
ian H : D( R2N ) ! R. Along each solution of the Hamiltonian system, H is
conserved. Then each solution is on the energy surface
Sh = fx 2 D j H(x) = hg
for some h.
The existence problem of a periodic solution on Sh for a prescribed energy h has
been studied vigorously, especially in the case that Sh is compact. The existence has
been proved for the compact convex energy surfaces [10], the compact star-shaped
surfaces [7] and the compact contact manifolds [3, 9].
As a noncompact and physically important case, Ambrosetti and Coti-Zelati [2]





2 + V (q) (q 2 RN ):
whose potential V (q) 2 C(RNnf0g;R) behaves like   1jqj near 0. They have proved
the existence of a generalized solution (a solution possibly with collisions) by at-






 d Z 1
0
h  V (q)d; (1)
and has estimated the number of collisions. Tanaka has proved that the obtained
solution is collisionless if the potential V (q) is in a class of functions including
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<  < 2 (N = 3)
1 <  < 2 (N  4):
We will provide the existence of non-collision periodic solution for a class including
 1=jqj for
1 <  < 2 (N  2):
The functional (1) is regarded as the functional with respect to geodesics on some
Riemannian manifold. Remark that the Riemannian metric is degenerate on the
boundary
fq 2 RN j U(q) = hg:
For example, Keplerian potential V (q) =  1=jqj can be represented by geodesics on
the surface with constant curvature(see [5]). In the three-body problem with strong
force, it is proven that the dynamics is hyperbolic by showing that the curvature is
negative(see [6]). Similarly triple linkage system is shown to be Anosov (see [4]).





2 + V (q) (p 2 RN ; q 2 RNnf0g): (2)




=  rV (q): (3)




2 + V (q) = h: (4)
Denition 1.1. We call q(t) a generalized periodic solution of (3) and (4) with
period T if
1. q 2 C(R;RN ) and T -periodic,
2. D = ft 2 R j q(t) = 0g has zero measure,
3. q 2 C2(RnD;RN ) satises (3) and (4) in RnD
Theorem 1.2. ([8, Theorem 0.2]) Assume
1. V (q) 2 C2(RNnf0g;R);
2. V (q) < 0 for all q 2 RNnf0g and V (q);rV (q)! 0 as jqj ! 1;
3. There is an 1 2 (0; 2) such that
rV (q)q   1V (q)
for all q 2 RNnf0g;
4.
V (q) =   1jqj +W (q)
where  2 (0; 2) and jqjW (q); jqj+1rW (q); jqj+2r2W (q)! 0 as jqj ! 0,
and h < 0. Then
(i): in case N  4, we have
(a): if  2 (1; 2), then (2) and (4) possesses at least one classical solution;
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(b): if  2 (0; 1], then (2) and (4) possesses a generalized solution which
enters the singularity 0 at most one time in its period.
(ii): in case N = 3, we have
(a): if  2 (4=3; 2), then (2) and (4) possesses at least one classical solution;
(b): if  2 (1; 4=3], then (2) and (4) possesses a generalized solution which
enters the singularity 0 at most one time in its period;
(c): if  2 (0; 1], then (2) and (4) possesses a generalized solution which
enters the singularity 0 at most two times in its period.
Our main theorem is the following:
Theorem 1.3. Let N  2 and V 2 C2(RNnf0g;R). Assume that for 0 < a1 <
a2; 0 < 1 <  < 2 < 2, V (q) satises
a1
jqj   V (q) 
a2
jqj (5)
  1V (q)  rV (q)  q   2V (q) (6)
rV (q)! 0 as jqj ! 1 (7)
jqj3rV (q); jqj4r2V (q)! 0 as q ! 0: (8)
Then for any h < 0, there is a generalized periodic solution of (3) with (4). Let
T > 0 be the minimal period. The number of collisions is estimated as follows:




; ; 1; 2

:
Here f is dened by






















Note that the function U(q) =   1jqj satises
rU(q)  q =  U(q):
Therefore, the inequality (6) is a condition weakening the equality. Then U(q) =
  1jqj satises the assumptions of this theorem.
Figure 1 stands for the graph of f(1; ; ; ). We get the following corollaries.
Corollary 1. For any  2 (1; 2), there is a  > 0 small enough such that if
a1; a2; 1; 2 saties a1  a2 < (1 + )a1; 0 < 2   1 < , and the potential
V satises the same properties as Theorem 1.3, then the obtained solution has no
collision, and hence is a classical solution.
Corollary 2. For any  2 (0; 1), there is a  > 0 small enough such that if
a1; a2; 1; 2 saties a1  a2 < (1 + )a1; 0 < 2   1 < , and the potential V
satises the same properties as Theorem 1.3, then the obtained solution enters the
singularity 0 at most one time in its period.
Our proof is based on a "global estimate". Such a research has been done (see
[1, Section 14]). But our result is stronger than the existing results. We get it by
making a technical renement.
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Figure 1. Graph of f(1; ; ; ).
This paper is organized as follows: in the next section, we will introduce some
known results on the existence of generalized solutions obtained as minimax points.
In Section 3, We will provide estimates of the values of the functional for minimax
points. In Section 4, we will estimate the value for collision paths and obtain upper
bound of the number of collisions by comparing those values. In the last section,
we will show the corollaries.
2. Existence of a generalized solution. The prescribed-energy problem is rep-






2 d Z 1
0
h  V (u())d:
For a critical point u() of Ih, q(t) = u(t=T ) is a solution of (3) and (4) where
T =




We rst consider the case of N  3. The existence of a generalized solution has
been proved by Ambrosetti and Coti-Zelati [2] and Tanaka [8]. We survey the result
here according to [8]. Let
E = fu() 2 H1loc(R;RN );u( + 1) = u()g
 = fu() 2 E;u() 6= 0 for all g:
We set  as the domain of Ih. Dene a map  : SN 2  S1 ! RN by
(; ) = ((2 + cos 2)1 + 2; (2 + cos 2)2; : : : ; (2 + cos 2)N 1; sin 2);
and a family of maps
  = f(r; x) 2 C([0; 1] SN 2;); (0; x)() = R(x; ); (1; x)() = R(x; )g
where R > 0 and R > 0 are suciently small and large numbers respectively. The
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Theorem 2.1. ([8, Theorem 0.1]) Assume N  3 and
1. V (q) 2 C2(RNnf0g;R);
2. V (q) < 0 for all q 2 RNnf0g and V (q);rV (q)! 0 as jqj ! 1;
3. There is an 1 2 (0; 2) such that
rV (q)q   1V (q)
for all q 2 RNnf0g;
4. There is an 2 2 (0; 2) and R0 such that
rV (q)q   2V (q)
for all 0 < jqj  R0;
5. jqj3rV (q); jqj4r2V (q)! 0 as q ! 0.
Then for any h < 0, there exists a generalized solution q(t) attaining b.
Remark 1. In [8], the caseN = 2 was not written because the estimate of the Morse
index for collision paths cannot be obtained. But the existence of a generalized
solution can be shown more easily as follows: we consider R() dened by
R() = R(cos 2; sin 2):
Take small R0 > 0 and large R1 > 0. Let
Q = f 2 C([R0; R1];) j (R0) = R0 ; (R1) = R1g:






Under the assumptions in Theorem 1.3, this theorem indicates the existence of
a generalized solution. A problem is whether the obtained solution has a collision,
or how many collisions the solution has. Tanaka [8] also has estimated the number
of collisions which the generalized solution has by computing the Morse index to
show Theorem 1.2.
3. Estimate of the minimax value. To prove our theorem, we estimate the
minimax value here. We start with the case N = 2. We estimate the value of I for




















= 22(hR2 + a2R
2 ):
The maximum of 22(hR2 + a2R











Therefore, the minimax values is no more than this value:













Therefore, we have the same estimate as the case N = 2:
I(R(; ))  22(hR2 + a2R2 );
and hence







is held also for N  3.
4. Estimate for collision paths. Here we estimate the value of the functional
for a generalized solution with collisions k times per the period. Assume () is a
generalized solution with collisions at 0  0 < 1 <    < k 1 < 1. We estimate
the value of the integral on [i 1; i] which appeared in the functional Ih. The
following proof works for the case k =1, and it is easy to show Ih =1 if k =1.
We can assume 0 = 0 without loss of generality. Let T be the period dened by
(9). Let t = T and 0 = T0 < T1 <    < Tk 1 < Tk = T be the corresponding
collision times, i. e. Ti = iT , and let Tk = T .
































































We have Z T1
0
ddt












  rV dt;
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where we use(t)  ddt (t)
  j(t)j ddt (t)





2(hj(t)j2 + a2j(t)j2 )! 0
(12)





















2 + V ()dt;





























The inequalities (13) and (14) indicate




V ()dt  2  2
2 + 2
AT1 : (15)






2 dt = Z T1
0




 V ()dt  1
2 + 2
AT1 :







2 + a1jj dt =: DT1():
Now we consider the minimizer of DT1 for loops with a collision at t = 0 and T1.
The domain of DT1 is

T1 = fx 2 H1([0; T1];RN ) j x(0) = x(T1) = 0g:
Let
c1 = inffDT1(x) j x 2 
T1g
and z be the minimizer. The minimizer is attained by the collision-ejection solution,
i.e. it has collisions at t = 0 and T1, and zero velocity at t =
T1
2 . Let z(t) be the
minimizer. The angular momentum is zero since z(t) has collisions. Then z(t)























































From this, the value is represented by

























By using the integration by parts similarly as (12), we compute the exact value of



















































































































By using (15), we get
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2 dt = Z T1
0



































=: S(a1; ; 1; 2; h):






2 dt = Z Ti
Ti 1
h  V () dt  S(a1; ; 1; 2; h):
Therefore, we have
I  (S(a1; ; 1; 2; h)k) (S(a1; ; 1; 2; h)k) = (S(a1; ; 1; 2; h))2 k2:
By comparing the minimax value and the lower value for the collision paths, we
get
(S(a1; ; 1; 2; h))
2
























and this completes the proof of our main theorem.
5. Proof of Corollaries. Here we prove Corollary 1 and 2.
Since































for  2 (1; 2), f(1; ; ; ) is less than 1:



















This proves Corollary 1.
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where (x) is a function satisfying






















































































By using this and  ( 12 ) =
p
, f(1; ; ; ) for 0 <  < 2 can be estimated as
follows:











































































= 2 1  3 12 e  512  1:75271039050823 < 2
This completes the proof of Corollary 2.
Acknowledgments. The author is supported by the Japan Society for the Pro-
motion of Science (JSPS), Grant-in-Aid for Young Scientists (B) No. 26800059.
REFERENCES
[1] A. Ambrosetti and V. Coti-Zelati, Periodic Solutions of Singular Lagrangian Systems,
Birkhauser, 1993.
[2] A. Ambrosetti and V. Coti-Zelati, Closed orbits of xed energy for singular Hamiltonian
systems, Arch. Rational Mech. Anal., 112 (1990), 339{362.
[3] H. Hofer and E. Zehnder, Periodic solutions on hypersurfaces and a result by C. Viterbo,
Invent. Math., 90 (1987), 1{9.
A PRESCRIBED-ENERGY PROBLEM 11
[4] T. J. Hunt and R. S. MacKay, Anosov parameter values for the triple linkage and a physical
system with a uniformly chaotic attractor, Nonlinearity, 16 (2003), 1499{1510.
[5] J. Milnor, On the geometry of the Kepler problem, Amer. Math. Monthly, 90 (1983), 353{365.
[6] R. Montgomery, Fitting hyperbolic pants to a three-body problem, Ergodic Theory Dynam.
Systems, 25 (2005), 921{947.
[7] P. H. Rabinowitz, Periodic solutions of Hamiltonian systems, Comm. Pure Appl. Math. 31
(1978), 157{184.
[8] K. Tanaka, A prescribed energy problem for a singular Hamiltonian system with a weak force,
J. Funct. Anal. 113 (1993), 351{390.
[9] C. Viterbo, A proof of Weinstein's conjecture in R2n, Annales de l'institut Henri Poincare
(C) Analyse non lineaire, 4 (1987), 337{356.
[10] A. Weinstein, Periodic orbits for convex Hamiltonian systems, Ann. of Math. (2), 108 (1978),
507{518.
Received xxxx 20xx; revised xxxx 20xx.
E-mail address: shibayama@amp.i.kyoto-u.ac.jp
